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Ab s t r a c t  

I t  i s  shown t h a t  t he  d i f f e r e n c e  between t h e  Hellmain-Feynman 

theorems i n  two systems i s  i n  gene ra l  a 

h y p e r v i r i a l  theorem. 
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R e ~ e n t l y l - ~  t h e r e  has been considerabde i n t e r e s t  i n  t h e  f a c t  t h a t  

t he  Hellmann-Feynman theorem t a k e s  d i f f e r e n t  forms depending on t h e  

coord ina te  sys t e r t  one u s e s ,  Thus i f  we a r e  us ing  coord ina te s  & and 

i f  i s  a parameter t hen  t h e  (genera l ized)  Hellmann-Feynman theorem 

may be w r i t t e n  

where we have denoted d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  

and where the  s u b s c r i p t  )! on and H i s  t o  remind us  t h a t  t hey  

a r e  t h e  wave f u n c t i o n  and Hamiltonian a p p r o p r i a t e  t o  t h e  xlc c o o r d i n a t e  

system. S i m i l a r l y  i f  we use  coord ina te s  Yr; we have 

by a prime 

from which we i n f e r  t h a t  

For t h e  example d i scussed  i n  r e f e r e n c e s  1-3  eq .  (1)  has  been 

found t o  be t h e  v i r i a l  theorem. I n  t h e  example d i scussed  i n  r e f e r e n c e  

4 eq .  (1) is found t o  be a g a i n  of a similar form. It i s  t h e  purpose 

of  t h i s  no te  t o  show t h a t  i n  genera l  eq.  (1)  i s  a h y p e r v i r i a l  theorem. 

To  do  t h i s  we assume6 t h a t  t h e  t r ans fo rma t ion  from t h e  
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system t o  t h e  -% system can be accomplished by means of a u n i t a r y  

t ransformat ion  7 -8 

+ y =  UYX (2) 

From t h i s  i t  fo l lows  t h a t  

.f 
We now make use  of u"=l t o  f i n d  

Using t h i s  eq. ( 4 )  becomes 

Thus u s i n g  eq. (2), eq. (1) may be w r i t t e n  

I 
which is t h e  h y p e r v i r i a l  theorem f o r  ut 4 
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To wr i - e  down a gene ra l  formula f o r  0 would be qu t e  comp i c a t e d .  

However f o r  t h e  examples d i scussed  i n  r e f e r e n c e s  1-4 i t  i s  s u f f i c i e n t  

( see  foo tno te  6) t o  cons ide r  simple s c a l i n g s  ) ( y ~ :  >vK . For  t h i s  

ca se  i t  i s  known ( see  f o r  example r e fe rence  8a )  t h a t  

where yc i s  t h e  momentum canon ica l ly  conjugate  t o  Xr , and where we  

have s c a l e d  s coord ina te s .  When i n s e r t e d  i n t o  eq. (5) t h i s  y i e l d s  t h e  

r e s u l t s  which we have a l r e a d y  mentioned, though i t  i s  by no means t h e  

s i m p l e s t  way of d e r i v i n g  them. 
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